We investigate the moment estimation for an ergodic diffusion process with unknown trend coefficient. We consider nonparametric and parametric estimation. In each case, we present a lower bound for the risk and then construct an asymptotically efficient estimator of the moment type functional or of a parameter which has a one-to-one correspondence to such a functional. Next, we clarify a higher order property of the moment type estimator by the Edgeworth expansion of the distribution function.
Introduction
Suppose that a diffusion process {X t , 0 ≤ t ≤ T } is uniquely defined by the stochastic differential equation
where {W t , t ≥ 0} is a standard Wiener process, and X 0 is an initial random variable independent of {W t , t ≥ 0}. We assume that {X t , 0 ≤ t ≤ T } is ergodic with the invariant probability distribution µ S (depending on S and σ).
In our statistical problem, the diffusion coefficient σ is known to the observer, while the trend coefficient S is unknown. Given a function F : R → R, we want to estimate the parameter
where E S denotes the expectation with respect to µ S , and ξ denotes a "stationary" random variable with distribution µ S . If X t is stationary, we take ξ = X 0 ; if not, we may enlarge the original probability space to realize ξ. This is an electronic reprint of the original article published by the ISI/BS in Bernoulli, 2007, Vol. 13, No. 4, [933] [934] [935] [936] [937] [938] [939] [940] [941] [942] [943] [944] [945] [946] [947] [948] [949] [950] [951] . This reprint differs from the original in pagination and typographic detail.
We are interested in the asymptotically efficient estimation of ϑ based on the observations {X t , 0 ≤ t ≤ T } as T → ∞. We will consider nonparametric and parametric estimation problems.
Section 2 treats a nonparametric case where the function S is completely unknown. As usual in such problems, we derive a minimax bound of the risks of all estimators and then show that the empirical moment estimator
is asymptotically efficient in that ϑ * T attains this lower bound. In Section 3, we suppose that the function S belongs to a parametric family, that is, S = S(γ, ·), γ ∈ Γ, and ϑ is a function of γ : ϑ = ϑ(γ). Then it turns out that the maximum likelihood estimator (MLE)γ T (under certain regularity conditions) provides the asymptotically efficient estimatorθ T = ϑ(γ T ) of ϑ. However, the computation of the MLE in nonlinear models is often not easy. To avoid this drawback, we consider the socalled one-step MLE introduced by LeCam [6] , which allows us to improve the empirical moment estimator to an asymptotically efficient one in this parametric setting. Here the asymptotic efficiency is in the sense of Hajek and LeCam.
After investigations of the first-order asymptotics, a natural direction of study is the second-order approximation of the distribution of the estimator. In Section 4, we derive an asymptotic expansion formula with the help of the local approach of the Malliavin calculus developed recently by Yoshida [12, 13, 14] and Kusuoka and Yoshida [2] .
Nonparametric estimation
We consider the diffusion process {X t , 0 ≤ t ≤ T } described in Section 1.
In this section, S is unknown, while σ is a known continuous positive function. Let us denote by S the class of functions S that satisfies
and
These conditions guarantee the existence of invariant probability measure µ S with the density function
and the law of large numbers. We suppose that the initial value X 0 = ξ has a probability density function f (·), in particular, the process X t , t ≥ 0, is stationary.
We would like to estimate the mathematical expectation
To construct a lower minimax bound on the risks of all estimators, we define a nonparametric vicinity of a fixed model as follows. Fix some S * (·) ∈ S and δ > 0, and introduce the set
We suppose that S * (·) is such that the conditions (2) and (3) are fulfilled for all S(·) ∈ V δ and sup
The role of Fisher information in our problem will be played by the quantity
where
We put I * = I(S * ). We choose the polynomial loss function ℓ(u) = |u| p , p > 0.
Theorem 1. Let the conditions (5) be fulfilled and let
where L(η) = N (0, 1) and inf is taken over all possible estimatorsθ T of the unknown parameter.
Proof. We follow the well known scheme described in Ibragimov and Khasminskii ( [1] , Chapter 4); see also the proofs of similar results in Kutoyants [4] . Denote ϑ * = ϑ S * and let ψ(·) be a continuous function with compact support such that
Here γ > 0 is a number chosen in such a way that S h (·) ∈ V δ . For the process (1) with S(·) = S h (·) we consider the parameter estimation problem for h and recall the construction of the Hajek-LeCam minimax bound in this situation.
The direct expansion of the function ϑ h = ϑ S * +(h−ϑ)ψ(·)σ(·) 2 by the powers of h − ϑ * gives the representation
where we write E = E S * and E h = E S h . Therefore, if we take ψ(·) from the class
h , h ∈ (ϑ * − γ, ϑ * + γ)} is locally asymptotically normal (LAN) at the point h = ϑ * , therefore, we can apply the Hajek-LeCam inequality (see Ibragimov and Khasminski [1] , Theorem 2.12.1) and write for ψ ∈ K,
Here η ∼ N (0, 1) and I ψ = E(ψ(ξ)σ(ξ)) 2 is the Fisher information in the problem of estimation of h.
Furthermore, using the integration-by-parts formula and the Cauchy-Schwarz inequality we can write
Therefore,
We will have the equality if we choose
with the corresponding normalizing constant C > 0, but this function does not have compact support and, therefore, it cannot belong to K. As usual in such situation (see Ibragimov and Khasminski [1] , page 218), we introduce a sequence of smooth functions {ψ N (·)} with compact supports approximating ψ * (·) and such that 
for all functions S * (·) ∈ S.
Below we will show that the empirical estimator is an asymptotically efficient estimator of ϑ in this sense.
The process {X t } t∈R+ is stationary; therefore the estimator ϑ * T is unbiased: E S ϑ * T = ϑ S . If the initial value X 0 has another distribution, then the estimator ϑ * T is no longer unbiased but nevertheless we have Kutoyants [3] , Lemma 3.4.8) and the properties of the estimator ϑ * T can be studied without assumption of stationarity as well.
Let us introduce the function
and the conditions that, for some p * > 0,
Let
Theorem 2. Suppose that conditions (5) and (9) for some p * > 2 are fulfilled, that the Fisher information I(S) is continuous at S(·) = S * (·) and that the law of large numbers holds uniformly in S(
Then the empirical moment ϑ * T is an asymptotically efficient estimator of the parameter ϑ S under the loss function ℓ(u) = |u| p with p < p * .
Proof. Using the Itô formula, we rewrite the difference η T = T 1/2 (ϑ * T − ϑ S ) with a stochastic integral as
under P S . The uniform version of the central limit theorem for stochastic integral (Kutoyants [3] , Theorem 3.3.7) allows us to show the weak convergence
uniform in S(·) ∈ V δ . Therefore, the empirical estimator is uniformly asymptotically normal
For the polynomial loss functions we have to verify the uniform integrability of the family of random variables {|η T | p , T → ∞}, but it follows from the representation (11) and the conditions (9) as it was done in Kutoyants [5] . Then, for the function F (y) = |y| k with any k > 0, we can verify all the conditions of Theorem 2 to show that the estimator
is consistent, uniformly (in S(·) ∈ V δ with δ < γ) asymptotically normal and asymptotically efficient for the polynomial loss functions ℓ(u) = |u| p with any p > 0. The verification is quite close to the one given in Kutoyants [5] .
Remark 1. If we put F (y) = χ {y<x} , then ϑ = D(x) = P{ξ < x} is the value of the invariant distribution function at point x. Theorems 1 and 2 yield the asymptotic efficiency of the empirical distribution function
see Kutoyants [4] for details.
Parametric estimation 3.1. Maximum likelihood estimator
Below we consider the problem of estimation of the drift function of the observed diffusion process described by
The trend coefficient S(·) is supposed to be known up to an unknown parameter γ ∈ Γ = (α, β). We suppose that the function σ(·) is known and positive, that the conditions (2) and (3) are fulfilled for all S(·) = S(γ, ·), γ ∈ Γ, and that the equation (14) has a unique weak solution. Therefore, the process X t , t ≥ 0, has an ergodic property and the invariant density function is
The parameter ϑ is now a function of γ:
Set Θ = {ϑ : ϑ = ϑ(γ), γ ∈ Γ} and denotė
the derivative of ϑ(γ) with respect to γ. Here ξ and ζ are two independent random variables with the same density function f (γ, ·) and the dot means derivative with respect to γ.
The regularity condition will be the following:
the Fisher information
is uniformly positive, inf γ∈Γ I(γ) > 0, and the derivative of the function ϑ(γ) is separated from zero,
Under this regularity condition, the family of measures {P
γ , γ ∈ Γ} is LAN at any point γ 0 ∈ Γ and we have the Hajek-LeCam lower bound on the risks of all estimators for the loss functions ℓ(u) = |u| p , p ≥ 1, that is,
where L(η) = N (0, 1) (see Kutoyants [3] , Theorems 3.3.8 and 3.3.4). Therefore, the asymptotically efficient estimator in this parametric estimation problem will be defined as follows:
Definition 2. We say that an estimatorγ T is asymptotically efficient for the loss function ℓ(·) if the equality
holds for all γ 0 ∈ Γ.
By condition (15), the above optimality is equivalent to the optimality of an estimator for ϑ(γ): let us put I ϑ0 =θ(γ 0 ) −2 I(γ 0 ). 
).
The conditionθ(γ) = 0 yields one-to-one mapping Θ ↔ Γ and the maximum likelihood estimator of the parameter ϑ isθ T = ϑ(γ T ), whereγ T is the MLE of the parameter γ defined by the equation
Here γ 1 is some fixed value and the conditional likelihood ratio is given by the formula (see Liptser and Shiryayev [7] )
It is known that the MLEγ T is uniformly consistent, asymptotically normal
and asymptotically efficient for the polynomial loss function (see Kutoyants [5] ). These properties ofγ T immediately give the consistency, asymptotic normality
and asymptotic efficiency of the MLEθ T = ϑ(γ T ). Therefore, this approach gives us the asymptotically efficient estimator of the moment ϑ, but it has the following disadvantages. The calculation of the MLEγ T according to its definition (19) and (20) requires the calculation of stochastic integrals, which are in general not continuous with respect to the uniform topology, as well as maximization of certain nonlinear functional of observations.
One-step estimator based on the empirical estimator
In this subsection, we propose another estimator, which is much easier to calculate and nevertheless is asymptotically efficient in the sense of Definition 2 for the polynomial loss functions.
Note that the empirical estimator
given in Section 1 is consistent (with probability 1) and is asymptotically normal
where I(S) is defined in (6). Below we will improve this estimator to an asymptotically efficient one. We suppose as well that the equation ϑ(γ) = ϑ can be solved with respect to γ and we have the function γ = γ(ϑ) too. This equation can be solved preliminarily, say, numerically because it does not depend on observations and by the condition (15) the solution always exists. For each locally integrable function a : R → R, define
where [5] or Yoshida [13] for the estimate of the Green function). Moreover, define a family of functions
and C ↑ (R) is the space of continuous functions of at most polynomial growth. Put (21) and define the estimatorγ
where γ * T = γ(ϑ * T ). This is the so-called one-step MLE introduced for LAN families by LeCam [6] . It improves a consistent estimator to an efficient one. Note that the one-step estimatorθ
coincides with ϑ(γ T ) up to first order. Thus, first we will consider the former estimator in the sequel. However,γ T is constructed based on our empirical estimator and it is different from the one-step estimator treated in Kutoyants [5] . We will use the following assumptions:
for all x ∈ R.
(ii) S(γ, ·) ∈ S(ρ, A, L) for some constants ρ, A, and L.
(iii) For a γ :=Ṡ(γ, ·) 2 σ(·) −2 − I(γ), a γ ∈ C γ for every γ and 
and asymptotically efficient for the polynomial loss function. In particular, one-step estimatorθ T based on the empirical initial estimator has the same asymptotic properties with asymptotic normality:
Remark 2. The result may seem to be a corollary to a known general result. However, L p integrability of the estimator comes from a particular property of the initial estimator such as the empirical estimator we adopted here. Moreover, even if they have the same first-order asymptotic property, one-step estimators are different from each other, depending on the choice of the initial estimator. It will be understood more clearly if we consider the second-order asymptotics.
Proof of Theorem 3. Denote the true value of γ by γ 0 and use γ as a variable. Define a random field∆
Then, under P
Given that
we have∆
The right-hand side of (22) does not involve Itô stochastic integrals, so it provides a smooth version of the random field∆ T (γ, X T ). Put
It is easily seen that under P
It follows from Condition C2 that for T > 1,
Next, we will estimate the second residual R 2,T (γ 0 ). Denote by L γ the generator of the diffusion process X t that corresponds to the parameter γ,
and put
By using the uniform non-degeneracy ofθ(γ) (Condition C1) and the uniform estimate for ϑ * T , we obtain, for every p > 1,
for all T ∈ R + . Because sup γ |İ(γ)| < ∞ as a consequence of Condition C2, we obtain for i = 4,
In a similar fashion, we obtain the estimate (23) for i = 6, 8. Also, R 5,T and R 7,T can be estimated by using Itô's formula, the Burkholder-Davis-Gundy inequality and Condition C2. Thus, R T (γ 0 ) is estimated uniformly in γ 0 . Finally, the uniform central limit theorem for the principal term of the √ T (γ T − γ 0 ) implies the desired result. The assertion forθ is an easy consequence. 
will be asymptotically efficient in the following sense:
Here γ *
T is the solution of the equation D(γ *
T , x) =D T (x), and I(γ 0 ) and I D0 are the corresponding Fisher informations (see Kutoyants [5] ).
Asymptotic expansion
We are still considering the diffusion process X t that satisfies the stochastic differential equation (1) and the nonparametric estimator for the expectation ϑ = E[F (ξ)]. As shown in the previous sections,
is asymptotically normal and asymptotically efficient in a nonparametric sense. In this section, we shall investigate the higher order distribution of our nonparametric estimator, more precisely, the asymptotic expansion of its distribution will be presented.
The asymptotic expansion of the distribution of ergodic diffusions recently was obtained by Yoshida [12, 13, 14] applying the Malliavin calculus. Among two possible methodologies, that is, the global approach and the local approach, here we shall take the newly developed local approach formalized by Kusuoka and Yoshida [2] for continuoustime processes and applied by Sakamoto and Yoshida [8] . The support theorems serve to verify the non-degeneracy (see Yoshida [14] ).
Let C ∞ ↑ (R) be the space of smooth functions on R, all derivatives of which are of at most polynomial growth, and let C ∞ B (R) be the space of bounded smooth functions on R with bounded derivatives. We denote by BG the set of bounded G-measurable functions. We assume that F, S ∈ C ∞ ↑ (R), S ′ , σ ∈ C ∞ B (R), and σ(x) > 0 for any x ∈ R, and that X t is stationary. We may construct a solution X t over a (partial) Wiener space (Ω, P ), that is, Ω = R × W , where W = {w : R + → R, continuous w(0) = 0}, and P = ν ⊗P ,P being a Wiener measure on W and ν being the stationary distribution of the diffusion process. Let B X I = σ[X t : t ∈ I] ∨ N for I ∈ R + , N being the σ-field generated by null sets. We later use the following conditions:
Condition A1. There exists a positive constant a such that
for any s, t ∈ R + , s ≤ t, and for any h ∈ BB
. A sufficient condition for A1 is provided, for example, in Veretennikov [10, 11] and Kusuoka and Yoshida [2] . Indeed, if σ ∈ C ∞ B (R) and if there exists a function ρ ∈ C ∞ (R) such that ρ > 0, R ρ(x) dx = 1 and lim sup |x|→∞ ρ(x) −1 L * ρ(x) < 0, where L * is the formal adjoint operator of the generator L of this diffusion process, then Condition A1 holds true (see Kusuoka and Yoshida [2] ). Put
where q(x) = F (x) − ϑ. As in Kusuoka and Yoshida [2] , we define the rth cumulant function of
Then define functionΨ
T,r (u), whereP T,r (u) are defined by the formal Taylor expansion
T,r (u).
Denote by Ψ T,k the signed measure defined as the Fourier inversion ofΨ T,k . For measurable function h : R → R, let
where φ(x; µ, Σ) denotes the probability density of the normal distribution N (µ, Σ) and I ⋆ is an arbitrary positive number smaller than I * . The Hermite polynomials are defined by
For a continuous function a : R → R, we define G a : R → R by
Define the set of functions (1) There exist constants δ > 0 and c > 0 such that for h ∈ E(M, γ),
where ε
The signed measure dΨ T,1 has a density dΨ T,1 (z)/dz = p T,1 (z) with p T,1 (z) = φ(z; 0, κ Proof. We consider the stochastic flowX(t, x) = (X(t, x), Z(t, x)) that satisfies the stochastic differential equation dX(t, x) =V 0 (X(t, x)) dt +V (X(t, x)) • dW t ,X(0, x) = (x, 0), whereV 0 (x, z) = (S(x) − 2 −1 σ ′ (x)σ(x), q(x)) andV (x, z) = (σ(x), 0). By assumption, F is not constant; hence, there exists a point x 0 ∈ R such that F ′ (x) = 0 in a neighborhood U of x 0 . Easy calculus shows that Span{V (x 0 , 0), [V ,V 0 ](x 0 , 0)} = R 2 .
In the same argument used to prove Theorem 4 of Kusuoka and Yoshida [2] or that in Example 2 of the same paper, Condition [A3 ′ ] of it can be verified. Indeed, take the sequence u(j) = j, v(j) = j + 1, j ∈ R, and let ψ j = ϕ(X j ) for some truncation function ϕ ∈ C ∞ (R; [0, 1]) with compact support in U taking value 1 near x 0 . For each j ∈ N, the Malliavin operator L j is constructed in the usual way so that L j does not shift the path w outside of [j, j + 1]. Then it is known that for sufficiently small U , {(det σX (1,x) ) −1 ; x ∈ U } is bounded in L p (P ) for any p > 1. Therefore, Condition [A3 ′ ] of Kusuoka and Yoshida [2] can be verified. Thus, the first assertion has been obtained.
For the formula of p T,k with the validity, see Sakamoto and Yoshida [8, 9] . To obtain the last result, some calculations are involved. Given that q ∈ C,
and E[|G q (ξ)| p ] < ∞ for any p > 1. Let 0 < β < 1/2. The strong mixing property A1 induces the so-called covariance inequality, which yields
